Published by Institute of Physics Publishing for SISSA Received: April 28, 2005 Accepted: May 27, 2005 Published: July 12, 2005

Linking Bäcklund and monodromy charges for strings on AdS_5 × S^5

Gleb Arutyunov

Institute for Theoretical Physics, Utrecht University Leuvenlaan 4, 3508 TD Utrecht, The Netherlands E-mail: g.arutyunov@phys.uu.nl

Marija Zamaklar

Max-Planck-Institut für Gravitationsphysik, Albert-Einstein-Institut Am Mühlenberg 1, D-14476 Golm, Germany E-mail: marija.zamaklar@aei.mpg.de

Abstract: We find an explicit relation between the two known ways of generating an infinite set of local conserved charges for the string sigma model on AdS_5 × S^5: the Bäcklund and monodromy approaches. We start by constructing the two-parameter family of Bäcklund transformations for the string with an arbitrary world-sheet metric. We then show that only for a special value of one of the parameters the solutions generated by this transformation are compatible with the Virasoro constraints. By solving the Bäcklund equations in a non-perturbative fashion, we finally show that the generating functional of the Bäcklund conservation laws is equal to a certain sum of the quasi-momenta. The positions of the quasi-momenta in the complex spectral plane are uniquely determined by the real parameter of the Bäcklund transform.

Keywords: AdS-CFT and dS-CFT Correspondence, Integrable Field Theories, Bethe Ansatz.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep072005026 /jhep072005026 .pdf

Contents

1. Introduction and summary 1

2. Preliminaries 4

3. The Bäcklund transformations and conservation laws 5

4. The stress tensor 8

5. General solution of the Bäcklund equations 9

6. Matching the Bäcklund and monodromy charges 11

7. Monodromy vs. Bäcklund for rigid strings 14

A. Perturbative solution of the Bäcklund equations 18

B. Coset model 20

1. Introduction and summary

New important insights into the conjectured duality between gauge and string theories [1] have been gained in the last two years. Although this duality relates a weakly coupled gauge theory to a strongly coupled string theory in the AdS_5 × S^5 background, it has been realized that certain (plane-wave) string states do admit a direct comparison with composite operators of the N = 4 SYM [2]. Furthermore, extending the semi-classical approach of [3], a large sector of rotating multi-spin string solutions has been found [4]. These string solitons are naturally described by a simple finite-dimensional integrable system [5, 6] and they probe the structure of the space-time beyond the plane-wave limit. From mathematical point of view these solitons are the simplest examples of more general finite-gap solutions of the classical string sigma model [7]. The related progress on the gauge theory side has been based upon understanding the integrable properties of the dilatation operator at leading [8] and higher orders of perturbation theory [9]. This nicely generalizes and extends the integrable structures found in QCD [10].

The observed integrability of the classical string sigma model and the integrability of various spin chain hamiltonians emerging from the dilatation operator in the gauge theory open up a new avenue to address the issue of string quantization in the AdS_5 × S^5 background.^1 The necessity of understanding the string spectrum is especially sharpened in

1While in the non-planar sector integrability is generically broken, it seems that for certain processes, integrable structures might remain preserved [11].

– 1 – the light of recently observed discrepancies between the gauge and string theory calculations [12 – 14]. Although these mismatches can presumably be attributed to the order in which limits are taken in the string and gauge theories, the only way to fully resolve this issue is to find the exact string spectrum in AdS_5×S^5 and compare it to that of gauge theory.

At present it is unknown how to promote the observed classical integrability of the sigma model to the quantum level. Inspired by the findings in the gauge theory [12, 15], one can make an educated guess [16] for the quantum version of the classical Bethe equations of the string sigma model [7]. However, the quantum string Bethe equations describe the socalled su(2) subsector of the theory and they are asymptotic, i.e. they require the R-charges of the string states to be large. It is not yet clear to which extent these equations can reproduce the full string spectrum. Recently these equations were extended in a beautiful way to the other subsectors, sl(2) and su(1, 1), and further intriguing relations to the gauge theory quantities were found [17].

Success of string quantization crucially depends on the choice of dynamical variables. Since it is not clear what kind of gauge is most suitable for the quantization, it is important to extract information in a covariant manner as much as possible. Even classically, restricting oneself to a particular gauge may simplify some computations, but can make other computations extremely difficult. For instance, the uniform gauge of [18] is convenient for the construction of the perturbative expansion (in the inverse powers of curvature) of the string hamiltonian around the plane-wave limit. However, this gauge is not suitable to reach the flat space limit; here the AdS light-cone gauge [19] is appropriate. Thus, the best option would be to explore as far as possible the classical/quantum integrability of the string sigma model in a covariant manner.

The integrability of the classical sigma model is manifested through an infinite set of (commuting) conserved charges.^2 Two ways to construct these charges^3 are known. One of them is through the so-called Bäcklund transformations [22, 23]. The other is based on the fundamental linear problem and the associated monodromy matrix [24] (see also [25] for a comprehensive review). Recently, both of these methods have been used successfully to reveal a close relation between the integrable structures of gauge and string theories [26, 7]. More precisely, in [26] the generating function for the Bäcklund conservation laws associated with the classical bosonic string sigma-model in the conformal gauge has been constructed. It has been evaluated on the so-called rigid string solutions and furthermore shown to match (at two leading orders of perturbation theory) with the generating function of the commuting charges obtained on the gauge theory side (see also [27]). Further interesting developments in this direction include linking the Bäcklund transform with the geometric U(1) symmetry of the string phase space [28].

On the other hand, in [7] the monodromy approach has been used to classify the finite-gap solutions of the classical bosonic string sigma-model. Here the spectrum of the model appears to be encoded in integral equations of the Bethe type which also exhibit an agreement with the Bethe equations describing the spectrum of long operators in the

2There is also the issue of the non-abelian symmetry which has been investigated in [20]. 3The principal sigma model and its reductions also admit local higher spin conserved currents [21]. It would be interesting to clarify their meaning in the context of the AdS/CFT duality conjecture.

– 2 –

Yang-Mills theory [7]. Recently, this approach has been extended to the supersymmetric string sigma-model [29] (see also [30] on related issues) and furthermore used to show an agreement with the spectrum of the one-loop gauge theory.

The features discussed above all point out that the two approaches of studying strings on AdS_5 × S^5— the Bäcklund and the monodromy approaches — are undoubtedly related. Surprisingly, we have not found a simple explanation of this fact in the existing literature. The main aim of the present paper is therefore to understand the precise relation between these two, apparently different approaches. Let us now describe the content of the paper and the results obtained.

In view of the importance of the covariant approach, we start by constructing the covariant form of the Bäcklund transformations. The Bäcklund transformations transform a solution of the second-order evolution equations X_0 (the reference solution) into a new solution X(λ, x) (the dressed solution). We identify a family of such transformations which depend on two continuous (spectral) parameters, λ and x. These transformations are defined in an arbitrary but fixed world-sheet metric γ. In string theory, in addition to the dynamical equations for the string embedding coordinates, one also has the Virasoro constraints. These are just the equations of motion for the world-sheet metric and once the field configuration X is known, the metric is fully fixed. Since in our construction we assume that the reference and dressed solutions have the same world-sheet metric, one also has to check that the new solution is compatible with this fixed metric (i.e. one has to check that the new solution satisfies the Virasoro constraints).^4 We show that this is not always the case, and that this requirement introduces a restriction on the value of the spectral parameter. By computing the two-dimensional stress tensor for the dressed solution, assuming the invariance of the world-sheet metric under the Bäcklund transform, we find that it vanishes only for special values of the spectral parameter λ, namely for λ = ±1. Thus, not every solution of the Bäcklund transform is compatible with the conformal constraints. It seems that this issue plays only a minor role in the general construction of integrable models, but it is crucial for applications in string theory.

Given a periodic solution to the Bäcklund equations one can construct an infinite set of conserved currents characterizing the reference solution. Building on the approach of Hanrad et al. [31], we solve the Bäcklund equations in a non-perturbative fashion. In this process the Bäcklund equations are reduced to the fundamental linear problem [24] and, therefore, their solutions are expressed in terms of the wave function which solves the linear problem. Using this explicit solution, we rewrite the generating function of the Bäcklund conservation laws via the eigenvalues of the monodromy matrix associated to the linear problem. It turns out that the Bäcklund generating function is equal to a certain sum of the logarithms of eigenvalues (quasi-momenta) of the monodromy matrix; the positions of the individual quasi-momenta in the complex plane are uniquely determined by the real spectral parameter x of the Bäcklund transform. This establishes a direct relation between the Bäcklund and monodromy approaches for strings in AdS_5 × S^5.

4It would also be interesting to understand whether the whole construction of the Bäcklund transform can be carried out without assuming the invariance of the world-sheet metric but requiring the reference and dressed solutions to obey the Virasoro constraints.

– 3 –

In summary, we have discovered a very simple relation between two apparently different approaches to the construction of an infinite set of conserved charges for integrable models. In the context of string theory, our result could be used to shed some light on the formidable problem of quantizing strings on AdS_5 × S^5. In particular, it seems to suggest that the “quantization” of the classical Bethe equation [16], originating from the monodromy approach, could equally well be described in terms of the yet unknown quantum Bäcklund transform; the latter should be understood as quantization of the classical Bäcklund equations. To see whether this is really the case for the full string theory on AdS_5 ×S^5, it would be important to first understand whether and how the relations which we have discovered for the bosonic string prevail once the fermions are taken into account, i.e. for the classical Green-Schwarz superstring on AdS_5 × S^5. This question will be discussed elsewhere.

For the convenience of the reader, let us summarize the organization of the paper. In section 2 we introduce and describe the general properties of the Bäcklund transform. In section 3 we determine the general requirements for the Bäcklund transform to be compatible with the Virasoro constraints. In the next section we discuss a general solution of the Bäcklund equations in terms of the fundamental linear problem. Furthermore, in section 5 we find a relation between the Bäcklund and the monodromy conservation laws. In section 6 we present an independent perturbative check of our basic formula relating the Bäcklund and the monodromy charges. Finally, in two appendices attached, we discuss the perturbative construction of Bäcklund charges and also give some details on the gammamatrix algebra.

2. Preliminaries

In this section we set up the notation and review some background material which will be necessary for the derivation of the covariant form of the Bäcklund equations. The starting point is the (bosonic) part of the sigma model action for strings in the AdS_5 × S^5 background, S = 1 2 � dτdσ γ^{αβ} Tr � ∂_α gg^{−1} ∂_β gg^{−1} � , (2.1)

where the indices α, β = (τ, σ) refer to the world-sheet time and space directions. Here the matrix g describes an embedding of the AdS_5 × S^5 space into the group SU(2, 2) × SU(4) and γ^{αβ} = √ −hh^{αβ} is the Weyl invariant tensor constructed from the lorentzian worldsheet metric h_{αβ} , and it has det γ = −1. The string tension in (2.1) is set to unity. The equations of motion for the dynamical fields g, γ^{αβ} derived from the action (2.1) are

∂_α (γ^{αβ} ∂_β gg^{−1} ) = ∂_α (γ^{αβ} g^{−1} ∂_β g) = 0 , (2.2)

Tr(∂_α gg^{−1} ∂_β gg^{−1} ) − 1 2 γ_{αβ} Tr(∂_ρgg^{−1} ∂_δgg^{−1} )γ^{ρδ} = 0 . (2.3)

Equations (2.2) are the conservation laws for the left, A_L, and the right, A_R, currents

A^α_L = γ^{αβ} ∂_β gg^{−1} , A^α_R = γ^{αβ} g^{−1} ∂_β g . (2.4)

In what follows we will mainly use A_L and therefore to save notation we will drop the subscript L.

– 4 –

We will assume that the group element g has the block-diagonal structure g = � g_a 0 0 g_s � , (2.5)

where the matrices g_a and g_s belong to SU(2, 2) and SU(4) respectively. To describe an embedding of the AdS_5 × S^5 space into SU(2, 2) × SU(4) it is convenient to choose the following parametrization for the group elements [6]

g_a = p^iΓ^i_a , g_s = q^iΓ^i_s . (2.6)

Here i = 1, . . . , 6. The 4 × 4 gamma-matrices Γ^i_a and Γ^i_s realize the chiral representations of SO(4, 2) and SO(6) respectively. We summarize some of their properties in appendix B. The variables p^i and q^i parametrize the AdS space and the five-sphere and they obey the constraints q^iq^i = 1 and η_{ij}p^ip^j = −1, where η_{ij} has AdS signature.

Before solving the Virasoro constraints (2.3), the block-diagonal structure of g implies that the Bäcklund transformations and the conservation laws associated to the AdS and sphere sectors of the model are completely independent. Thus, it is sufficient to discuss the corresponding theory for the sphere part of the model; extension to the AdS sector goes without any difficulty. Therefore in what follows we set

g ≡ g_s (2.7)

confining our explicit treatment of the Bäcklund theory to the sphere case.

Finally we have to take into account the Virasoro constraints (2.3) which express the condition of vanishing of the two-dimensional stress tensor. Given a solution g of equations (2.2), equation (2.3) can be solved for the world-sheet metric γ^{αβ} :

γ_{αβ} = θ_{αβ} � − det θ_{αβ}

, θ_{αβ} = Tr(A_α A_β ) . (2.8)

Thus, the AdS and sphere sectors of the model are related through the Virasoro constraints. Generically the world-sheet metric appears to be a function of both the AdS and sphere coordinates. On the other hand, our definition of the Bäcklund transform (see the next section) implies that the reference and dressed solutions have the same wold-sheet metric (2.8). A priori such a definition is not necessarily compatible with the Virasoro constraints and below we will find further restrictions on the Bäcklund transform which guarantee that this is indeed the case.

3. The Bäcklund transformations and conservation laws

Given any two solutions of the equations of motion, g and g̃, we can construct two conserved currents Ã_α and A_α . Let us now require the difference of these quantities to be a topological current which is therefore trivially conserved:^5

γ^{αβ} Ã_β − γ^{αβ} A_β = ϵ^{αβ} ∂_β χ . (3.1)

5The currents Ãα and Aα are periodic functions of σ. This implies for χ that χ(σ + 2π) = χ(σ) + const. However, if we require coincidence of the corresponding Noether charges, χ must be periodic.

– 5 –

Here we assume that the indices of both A and Ã are raised and lowered with a one and the same world-sheet metric γ. The matrix χ depends on g̃ and g, and it becomes constant when g̃ = g. Subtracting from equation (3.1) its hermitian conjugate and using the fact that A and Ã are anti-hermitian we obtain

χ + χ^† = C , (3.2)

where C is a constant matrix. The matrix χ must be also invariant under the global transformation g → gh and should transform as χ → hχh^{−1} under the global rotations g → hg. In particular, equation (3.2) will remain invariant under these symmetry transformations provided we choose C to be proportional to the identity matrix. Obviously, any χ with such properties can be constructed in terms of a unitary matrix

U = g̃g^{−1} (3.3)

or its inverse. To restrict possible choices for χ we therefore have to impose certain conditions on U which would allow one to express all higher powers of U or U^{−1} in terms of U. The simplest possibility is to take χ = λU, where λ is a complex (spectral) parameter. Since a phase of λ can always be absorbed by redefining U we may assume that λ is real. In appendix B we will verify that reality of λ is compatible with our definition of the coset model. With this choice we have

U + U^† = 2 x λ I , (3.4)

where x and λ are real numbers. Hence, in what follows we assume that the difference of the Noether currents is of the form

Ã_α − A_α = λ ϵ_α^β U_β (3.5)

where we defined ϵ_α^β ≡ γ_{αδ} ϵ^{δβ} and also U_β ≡ ∂_β U. Obviously equation (3.5) represents a non-trivial condition on g̃. We will refer to g̃ as the Bäcklund transform of g.

Since U is unitary it can be diagonalized with a proper unitary matrix. Then equation (3.4) allows one to determine the eigenvalues of U. The eigenvalues appear to be degenerate — two of them are equal to ℓ and the other two to its complex conjugate, ℓ̄, where ℓ = x λ − i � 1 − � x λ �_2 . (3.6)

Moreover, the eigenvalue problem imposes a restriction on the spectral parameter x:

−λ ≤ x ≤ λ . (3.7)

The current Ã_α can be written via U as follows

Ã_α = ∂_α UU^{−1} + UA_α U^{−1} . (3.8)

– 6 –

Thus, we see that the Bäcklund transformation is in fact a certain gauge transformation.^6 The basic relation (3.5) can be written as the differential equation for the matrix U:

U_β (δ_α^β − λϵ_α^β U) = [A_α , U] . (3.9)

Using equation (3.4) the last equation can be brought to the form

κU_α = −2xλA_α + (1 + λ^2)A_α U − (1 + λ^2 − 4x^2)UA_α − 2xλUA_α U +

+ϵ_α^β � − λ(1 + λ^2)A_β + 2xA_β U + 2xλ^2UA_β − λ(1 + λ^2)UA_β U � , (3.10)

where κ = (1 + λ^2)^2 − 4x^2. This is a matrix differential equation of the Riccati type; its solutions depend on two spectral parameters x and λ.

Equation (3.10) implies an infinite number of conservation laws. Indeed, define the following current

J^α =

1 + λ^2 κ � (1 + λ^2)γ^{αβ} Tr(A_β U) + 2xϵ^{αβ} Tr(A_β U) � . (3.11)

Using the Riccati equation (3.10), the equations of motion for A_α and the zero-curvature condition ∂_{[α} A_{β]} = [A_α , A_β ] one can easily prove that ∂_α J^α = 0. The normalisation of the current is chosen for later convenience. Assuming the solution U to be a periodic function of σ, U(σ + 2π) = U(σ), the generating function of conserved charges is obtained by integrating the τ-component of the current:

Q(x, λ) =

�_{2π} 0 dσ 2π J^τ (σ) . (3.12)

Upon expansion over the spectral parameters the function Q(x, λ) generates an infinite set of integrals of motion. It is worth stressing that both the Bäcklund transformations and the conservation laws are determined for an arbitrary world-sheet metric.

We further notice that if we define L as

L_α =

1 + λ^2 κ � (1 + λ^2)A_α + 2xϵ_α^β A_β � (3.13)

then L satisfies the zero curvature condition. The conserved current (3.11) takes a very simple form

J^α = γ^{αβ} Tr(L_β U) . (3.14)

More generally, introducing a connection L (a, b) parametrized by the coefficients a and b

L_α (a, b) = aA_α + bϵ_α^β A_β (3.15)

one can check that it has zero curvature provided

a^2 − b^2 − a = 0 . (3.16)

We will refer to such a connection as the L -operator.

Finally we note that the Riccati equation (3.10) can be expressed in terms of the L -operator (3.13) only

(1 + λ^2)U_α = [L_α , U] − ϵ_α^β (λL_β + λUL_β U − 2xUL_β ) . (3.17)

6See [32] on the relation of Bäcklund transformations with the theory of Poisson-Lie groups and dressing symmetries.

– 7 –

4. The stress tensor

The definition of a conserved current requires a world-sheet metric. In our construction of the Bäcklund transform we assumed that the conserved currents A^α and Ã^α are defined with one and the same world-sheet metric γ^{αβ} . As we have already discussed in the introduction, in string theory the Weyl-invariant metric γ^{αβ} is fully determined by the Virasoro constraints T_{αβ} = 0, where T_{αβ} is the two-dimensional stress tensor. Suppose we are given a pair g and γ^{αβ} which solves both the dynamical equations for g and the Virasoro constraints. An important question we want to address here is what are the general conditions on the Bäcklund solution g̃ so that g̃ still solves the Virasoro constraints with the same metric γ^{αβ} . In other words, we require vanishing of the stress-energy tensor T_{αβ} (g̃, γ) for the Bäcklund solution.

To elaborate on this issue, we first compute δθ_{αβ} = Tr(Ã_α Ã_β − A_α A_β ). Using equation (3.4) it is easy to see that U_α obeys the following equation

U_α = UU_α U . (4.1)

This equation together with equation (3.8) leads to

δθ_{αβ} = Tr � U_α UA_β + U_β UA_α + U_α U_β � . (4.2)

Furthermore, we use the Bäcklund equations (3.10) to exclude the derivatives of U. After rather tedious computation we arrive at

δθ_{αβ} = − λ^2 κ (δ_α^μ δ_β^ν − ϵ_α^μ ϵ_β^ν ) Tr � A_μ (A_ν − UA_ν U^{−1} ) + A_μ (A_ν − UA_ν U^{−1} ) � + + λ(λ^2 − 1) κ Tr � ϵ_α^μ [A_μ , A_β ]U + ϵ_β^μ [A_μ , A_α ]U � . (4.3)

By using this formula we can now find how the stress tensor varies under the Bäcklund transform

δT_{αβ} = λ^2 κ (γ_{αβ} γ^{μν} − δ_α^μ δ_β^ν + ϵ_α^μ ϵ_β^ν ) Tr � A_μ (A_ν − UA_ν U^{−1} ) + A_μ (A_ν − UA_ν U^{−1} ) � + + λ(λ^2 − 1) κ Tr U � ϵ_α^μ [A_μ , A_β ] + ϵ_β^μ [A_μ , A_α ] + γ_{αβ} ϵ^{μν} [A_μ , A_ν ] � . (4.4)

Let us consider the first term in the expression above. It involves three tensor structures which are however not independent. Indeed, there is the epsilon identity which reads

ϵ^{μν} ϵ_{αβ} = δ_α^ν δ_β^μ − δ_α^μ δ_β^ν . (4.5)

This identity implies

ϵ_α^μ ϵ_β^ν = δ_α^ν δ_β^μ − γ_{αβ} γ^{μν} . (4.6)

Therefore,

γ_{αβ} γ^{μν} − δ_α^μ δ_β^ν + ϵ_α^μ ϵ_β^ν = δ_α^ν δ_β^μ − δ_α^μ δ_β^ν . (4.7)

– 8 –

Since this expression is multiplied by a tensor which is symmetric under the permutation of the μ and ν indices, the contribution of the term under consideration vanishes. Thus,

δT_{αβ} = λ(λ^2 − 1) κ Tr U � ϵ_α^μ [A_μ , A_β ] + ϵ_β^μ [A_μ , A_α ] + γ_{αβ} ϵ^{μν} [A_μ , A_ν ] � . Thus, we see that the compatibility of the Virasoro constraints with the general solution of the Bäcklund transform requires λ = ±1. Note that δT_{αβ} also vanishes for λ = 0 which must be the case since for this value of λ we trivially have Ã = A.

5. General solution of the Bäcklund equations

In the previous section, we have found that the new solution, generated via the Bäcklund transform, satisfies the Virasoro constraints if and only if the spectral paramter λ is restricted to be λ = ±1. Therefore, in the following we only consider this case. The equation (3.6) then implies that the spectral parameter x has to be in the range −1 ≤ x ≤ 1.

One way of solving the Riccati equation (3.10) is using the perturbation method, i.e. by expanding the variable U in a power series around the points x = ±1. We present this computation in appendix A. Only these perturbative solutions have been so far been used in the literature, to determine the local conservation laws [23].

In this section we show how to express the solutions of the Riccati equation via solutions of the Riemann-Hilbert problem in a non-perturbative manner. The main result is given in formula (5.12). We will furthermore use this result to establish a simple relation between the Bäcklund charges and the local integrals of motion generated by the monodromy matrix of the fundamental linear problem.

To obtain solutions of the Riccati equation we employ the linearization method of [31]. According to this method, a solution U of the Riccati equation can be factorized as

U(σ, τ) = XY^{−1} . (5.1)

Here the matrices X and Y are obtained by applying to the initial data, X_0 and Y_0, an element G of the group SU(4,4) � X Y � = G � X_0 Y_0 � , Ω = X_0Y^{−1}_0 , (5.2)

so that the initial value of U is U(0, 0) = Ω.^7 of U is U(0, 0) = Ω.

The matrix G is subject to the following two conditions

G^†h_1G = h_1 , G^†h_2G = h_2 , (5.3)

where h_1 and h_2 are the following block matrices

h_1 = � I 0 0 − I � , h_2 = � 0 I I − 2xI � . 7Since the Riccati equation is a differential equation its solutions depend on an integration constant;

this constant is Ω.

– 9 –

The first condition in (5.3) means that G belongs to SU(4,4) and is necessary for U to be unitary. The second condition is equivalent to the requirement (3.4). The constant matrix Ω obeys the same constraints as the matrix U, namely,

Ω^†Ω = I , Ω + Ω^† = 2xI .

Solving equations (5.3) we find G = 1 ℓ − ℓ̄ � ℓΨ − ℓ̄(Ψ^†)^{−1} (Ψ^†)^{−1} − Ψ Ψ − (Ψ^†)^{−1} ℓ(Ψ^†)^{−1} − ℓ̄Ψ � , (5.4)

where ℓ is the same complex parameter as in equation (3.6), i.e. it is related to the spectral parameter x as (λ = 1)

ℓ = x − i � 1 − x^2 . (5.5)

Note also that ℓ is on the unit circle because ℓℓ̄ = 1. Finally, if the complex matrix Ψ in equation (5.4) satisfies the differential equation

∂_α Ψ = L_α (ℓ)Ψ , (5.6)

where by definition L_α (ℓ) is the L -operator (3.15) with the following coefficients a and b a = 1 1 − ℓ^2

, b = ℓ 1 − ℓ^2

, (5.7)

then the Riccati equation for U is satisfied. We will refer to equation (5.6) as the fundamental linear problem.

To verify the last statement we first find the matrices^8 X and Y X = � ℓΨ(ℓ) − ℓ̄Ψ( ℓ̄) � Ω + Ψ( ℓ̄) − Ψ(ℓ) , Y = � Ψ(ℓ) − Ψ( ℓ̄) � Ω + ℓΨ( ℓ̄) − ℓ̄Ψ(ℓ) , (5.8)

where the matrix Ψ is normalized as

Ψ(0, 0) = I . (5.9)

Next we note the following two identities valid for the spectral parameter ℓ on a circle

L_α (ℓ) = ϵ_α^β − ℓ̄δ_α^β ℓ − ℓ̄ � L_β (ℓ) − L_β (ℓ̄) � , L_α (ℓ̄) = ϵ_α^β − ℓδ_α^β ℓ − ℓ̄ � L_β (ℓ) − L_β (ℓ̄) � . These identities together with equation (5.6) for Ψ are used to obtain the system of evolution equations for X and Y :

∂_α X = ϵ_α^β ℓ − ℓ̄ � L_β (ℓ) − L_β (ℓ̄) � X − 1 ℓ − ℓ̄ � L_α (ℓ) − L_α (ℓ̄) � Y , ∂_α Y = ϵ_α^β − 2xδ_α^β ℓ − ℓ̄ � L_β (ℓ) − L_β (ℓ̄) � Y + 1 ℓ − ℓ̄ � L_α (ℓ) − L_α (ℓ̄) � X . (5.10)

8Note the conjugation rule: Ψ^†(ℓ)Ψ( ℓ̄) = I.

– 10 –

In writing these formulae the following relation has been used

(ℓ̄Ψ(ℓ) − ℓΨ( ℓ̄))Ω + ℓ^2Ψ( ℓ̄) − ℓ̄^2Ψ(ℓ) = −X + 2xY . (5.11)

Now the Riccati equation for U easily follows from the system (5.10).

Thus, the solution for U reads as U = � ℓΨ(ℓ) � Ω − ℓ̄ � + ℓ̄Ψ( ℓ̄) � Ω − ℓ � Ψ(ℓ) � Ω − ℓ̄ � − Ψ( ℓ̄) � Ω − ℓ �−1 . (5.12)

Note that the matrices Ω − ℓ and Ω − ℓ̄ are not invertible. As was already mentioned, since

ℓℓ̄ = 1 , ℓ + ℓ̄ = 2x ,

the variables ℓ and ℓ̄ are the eigenvalues of Ω and

(Ω − ℓ̄)(Ω^† − ℓ̄) = 0 , Ω − ℓ = −(Ω^† − ℓ̄), (Ω − ℓ̄)(Ω − ℓ) = 0 .

These properties allow us to define two hermitian (and orthogonal) projectors

Ω^+ =

Ω − ℓ̄ ℓ − ℓ̄

, Ω^− = −

Ω − ℓ ℓ − ℓ̄

(5.13)

which provide an orthogonal decomposition of the identity: Ω^+ + Ω^− = I, Ω^± Ω^∓ = 0.

6. Matching the Bäcklund and monodromy charges

We would now like to establish a connection between the conservation laws generated by the Bäcklund transform and the conservation laws arising in the standard monodromy approach. Our starting point is the nonperturbative solution (3.10) of the Bäcklund equation, and the expression for the Bäcklund current (3.14). Let us start by noting the following important relation

γ^{αβ} L_β � 1 1 − x^2 , x 1 − x^2 � = 2 ℓ − ℓ̄ ϵ^{αβ} � L_β (ℓ) − L_β (ℓ̄) � . (6.1)

Here on the left hand side, the Lax operator L is the same as in equation (3.15), with the coefficients a and b parametrized by x. This is this Lax operator which determines the conserved Bäcklund current (3.14). The Lax operator which appears on the right hand side in (6.1) is the same as L (ℓ) which defines the fundamental linear problem (5.6). The coefficients a and b of the operator L ( ℓ̄) are given by equations (5.7) with the obvious substitution ℓ → ℓ̄.

Using the equation (5.10) for Y , we thus obtain

∂_α Y Y^{−1} = ϵ_α^β − 2xδ_α^β ℓ − ℓ̄ � L_β (ℓ) − L_β (ℓ̄) � + 1 ℓ − ℓ̄ � L_α (ℓ) − L_α (ℓ̄) � U . (6.2)

Taking the trace of this equation, we arrive at Tr � ∂_α Y Y^{−1} � = Tr

� L_α (ℓ) − L_α (ℓ̄) ℓ − ℓ̄ � U . (6.3)

– 11 –

Therefore, by using equation (6.1) for the current (3.14), we find the simple expression

J^α = γ^{αβ} Tr L_β (x)U = 2ϵ^{αβ} Tr

� L_β (ℓ) − L_β (ℓ̄) ℓ − ℓ̄ � U = 2ϵ^{αβ} Tr � ∂_β Y Y^{−1} � . (6.4)

In this form, the conservation of the current is obvious. The current is topological and thus is conserved without using the equations of motion for the fundamental fields. However, the corresponding charge is conserved if and only if the current is a periodic function of σ. Periodicity of J^α then imposes certain restrictions on the initial value Ω. To better understand this issue we compute the charge (3.12),

πQ(x) = Tr log � Y (2π, τ)Y (0, τ)^{−1} � . (6.5)

Differentiating this expression with respect to τ and using equations (5.10) we find that it is indeed time-independent provided

X(2π, τ)Y (2π, τ)^{−1} = X(0, τ)Y (0, τ)^{−1}

or, in other words, that the Bäcklund solution is periodic: U(2π) = U(0).

Let us now study the periodicity property of the Bäcklund solution in more detail. Clearly, periodicity of U is equivalent to the following requirement

X(2π, τ) = X(0, τ)M Y (2π, τ) = Y (0, τ)M , (6.6)

i.e. the matrices X and Y have to have the same monodromy M. By using equations (5.8), it is easy to see that this requirement is equivalent to

Ψ(0, τ)^{−1} Ψ(2π, τ)Ω^+ = Ω^+M , Ψ̄(0, τ)^{−1} Ψ̄(2π, τ)Ω^− = Ω^− M , (6.7)

where we have introduced the concise notation Ψ ≡ Ψ(ℓ) and Ψ̄ ≡ Ψ( ℓ̄). There are several important facts following from these equations.

First, let us note that these equations make sense because both Ψ(0, τ)^{−1} Ψ(2π, τ) and Ψ̄(0, τ) −1 Ψ̄(2π, τ) are time-independent as straightforwardly follows from the evolution equation for Ψ. Thus, M is also time-independent. Introducing the monodromy T(τ) for the solution Ψ

Ψ(2π, τ) = T(τ)Ψ(0, τ) (6.8)

we can express our basic τ-independent quantities via the value of the corresponding monodromy matrix^9 at τ = 0 as Ψ(0, τ)^{−1} Ψ(2π, τ) = T(0) and Ψ̄(0, τ)^{−1} Ψ̄(2π, τ) = T̄(0). Second, by adding the equations (6.7) we obtain

M = T(0)Ω^+ + T̄(0)Ω^− . (6.9)

9Note that the monodromy T do depend on τ , only its spectral invariants are conserved.

– 12 –

PSfrag replacements

Figure 1: The Bäcklund generating function Q(x) for x ∈ [−1, 1] is given by the sum of the quasi-momenta in the upper and lower half-planes (semi-circles).

Furthermore, we derive from equations (6.7) the equations which determine Ω^± :

Ω^− T(0)Ω^+ = 0 , Ω^+T̄(0)Ω^− = 0 . (6.10)

As a side remark, note that the determinants of both Ψ and Ψ̄ are τ- and σ-independent and therefore that det Ψ = det Ψ̄ = 1 (since this is the case at the initial point τ = σ = 0). As a consequence, det T = det T̄ = 1.

Let us now diagonalize Ω with some unitary matrix h so that Ω^± take the block-form

hΩ^+h^{−1} = � I 0 0 0 � , hΩ^− h^{−1} = � 0 0 0 I � . (6.11)

Then according to equations (6.10) we see that the matrices h^{−1} T(0)h and h^{−1} T̄(0)h must have the (block) lower and upper triangular structure respectively

T = h^{−1} T(0)h = � T_1 T_2 0 T_4 � , T̄ = h^{−1} T̄(0)h = � T̄_1 0 T̄_3 T̄_4 � . (6.12)

This allows one to write the conserved charge in the following factorized form

πQ(x) = Tr log M = Tr log T_1 + Tr log T̄_4 . (6.13)

The reality property of the Bäcklund charge implies the conjugation rule according to which T^†_1 is related to T̄_4 by a similarity transformation.

Let us denote by exp(ip_k(ℓ)), where k = 1, . . . , 4, the eigenvalues of the monodromy matrix T. The function p_k(ℓ) is known as the quasi-momentum or the Floquet function. An important property of the quasi-momentum is that it generates local integrals of motion upon expansion around the poles of the Lax connections [25], which in our case are at ℓ = ±1.

– 13 –

Finally, it remains to note that the triangle monodromies T and T̄ in equations (6.12) can be brought to diagonal form by corresponding similarity transformations and their spectra coincide with that of T and T̄ respectively. In this way we have established the following remarkably simple relation between the local charges generated by the Bäcklund transform [26] and their cousins arising in the conventional monodromy approach [7],

Q(x) = i π � p_1(ℓ) + p_2(ℓ) + p_3(ℓ̄) + p_4(ℓ̄) � . (6.14)

Here

�_4

k=1 p_k(ℓ) = 0 and the spectral parameter ℓ of the linear problem (5.6) is related to the spectral parameter x of the Bäcklund transform as

ℓ = x − i � 1 − x^2 . (6.15)

We stress that our derivation does not require any gauge fixing and the result is valid for an arbitrary world-sheet metric γ. Also taking the log’s in equation (6.13) we assumed that all p_i’s are on the principle branch of the log.

Equation (6.14) should be understood in a perturbative sense when the left and the right hand side admit a well-defined asymptotic expansion around x = ℓ = ℓ̄ = 1. Of course, the same relation is true for the second series of the conservation laws upon expanding around x = ℓ = ℓ̄ = −1.

So far our discussion was quite general and applied to the principal sigma-model. To carry over this construction to the coset model describing strings on AdS_5 × S^5 one has to find an embedding of the coset into the group SU(2, 2) × SU(4) that is compatible with additional constraints like equation (3.4). This is also needed to guarantee that the form of the coset element is preserved under the Bäcklund transformations. In appendix B we show that the embedding of AdS_5 × S^5 into SU(2, 2) × SU(4) described in section 2 obeys these compatibility requirements. This allows us to conclude that the same formula (6.14) remains valid for the sphere part of the coset model. For the AdS sector the matching formula (6.14) looks the same provided p_k(x) are quasi-momenta related to the AdS monodromy.

Finally we note that the quasi-momenta are defined up to permutations. On the other hand the formula (6.14) does not seem to be permutation invariant. For the coset model in question it is known [18] that at leading order in the perturbative expansion around a pole the quasi-momenta exhibit a degenerate behavior: they all coincide up to a sign, two of them are positive and the other two are negative. Fixing up p_1(ℓ) we then define p_2(ℓ) to be such a quasi-momentum for which −i log det T_1 = p_1(ℓ) + p_2(ℓ) is non-zero at leading order in 1/(1 − x) expansion. In the next section we will check equation (6.14) for the first two orders in the perturbative expansion.

7. Monodromy vs. Bäcklund for rigid strings

Here we would like to check the basic formula (6.14) by explicitly comparing the few leading charges arising in the expansion of the generating function for Bäcklund charges Q(x), with that of the quasi-momentum p(ℓ). In general, finding the higher charges from the

– 14 – mondoromy is rather involved; however we make progress by computing their values on certain string configurations. In particular, the rigid string solutions [5, 6] provide an excellent tool for probing the higher hidden charges [26].

We choose to work with a solution which describes a rigid string with a circular profile, and carrying two non-vanishing spins in the five-sphere. This solution can be conveniently written in terms of the standard Jacobi elliptic functions as follows [5]

q^1 + iq^2 = sn(aσ, t) exp(iw_1τ) , q^3 + iq^4 = cn(aσ, t) exp(iw_2τ) , q^5 = q^6 = 0 . (7.1)

Here w^2_{12} = w^2_1 −w^2 is related to the elliptic modulus t through the closed string periodicity condition: a ≡ � w^2_{12} t = 2 π K(t) , (7.2)

where K is the complete elliptic integral of the first kind. The modulus t can be further expressed via the S^5 spins but we do not need this here.

The generating function for the Bäcklund charges E(γ) on rigid string solutions was obtained in [26]. In this work another spectral parameter denoted by γ has been used (not to be confused with our definition of the world-sheet metric). It is related to x we use here by

γ^2 =

1 − x 1 + x

. (7.3)

The generating function Q(x) is obtained from the generating function E(γ) of [26] by multiplying it with a certain factor, namely,

Q(x) = −4(1 − x)^{− 32} √ 1 + x E(γ) , (7.4)

where the spectral parameter γ is related to x through (7.3). Using these relations we then extract from the results of [26] the following asymptotics

Q(x)^{x→1}= 2 √ 2 √ 1 − x

Q_{−1} + 1 √ 2 Q_1 √ 1 − x + · · · , (7.5)

where all the coefficients Q_k are functions of K and E — the elliptic integrals of the first and second kind respectively. In particular,

Q_{−1} = E , (7.6)

Q_1 = E − 32 π^2E

K(t)E(t) −

64(t − 1)

π^4E^3

K(t)^4 . (7.7)

Here E =

�_1 t (w^2_1 + (t − 1)w^2) is the space-time energy of the string.

– 15 –

Now let us consider the monodromy (6.8) of the fundamental linear problem related to the solution (7.1). Due to q_5 = q_6 = 0 the su(4) Lax connection L can be split by an appropriate (constant) similarity transformation into two independent su(2) connections L^± . Moreover, the time dependence of the latter is trivially factored out as

L_α → � R_+L^+_α R^†_+ 0

0 R_− L^−_α R^†_− � . (7.8)

Here

R_± = � e^{i w1±w 2}2^τ 0 0 e^{−i w1 ±w 2}2^τ � (7.9)

and the su(2) matrices L^±_α are time-independent. In particular, the σ-components of L^± read

L^+_σ (ℓ) = 1 1 − ℓ^2 � iℓ(w_1 sn^2 aσ − w_2 cn^2 aσ) −a dn aσ − iℓ(w_1+w_2) sn aσ cn aσ a dn aσ − iℓ(w_1+w_2) sn aσ cn aσ −iℓ(w_1 sn^2 aσ − w_2 cn^2 aσ) � ,

L^−_σ (ℓ) = 1 1 − ℓ^2 � iℓ(w_1 sn^2 aσ + w_2 cn^2 aσ) −a dn aσ − iℓ(w_1−w_2) sn aσ cn aσ a dn aσ − iℓ(w_1−w_2) sn aσ cn aσ −iℓ(w_1 sn^2 aσ + w_2 cn^2 aσ) � . Clearly they just differ by the substitution w_2 → −w_2. These connections are used to construct the corresponding monodromies

T_± (ℓ) =^{←−}exp

�_{2π} 0 dσL^±_σ (ℓ) . (7.10)

Furthermore we define the following σ-dependent matrices

T_± (σ) =^{←−}exp

�_σ 0 dσL^±_σ (ℓ) (7.11)

which are solutions to the differential equations

∂_σ T_± = L^±_σ T_± . (7.12)

In what follows we will discuss T ≡ T_− , the results for T_+ are obtained by the substitution w_2 → −w_2.

Let us represent T(σ) as

T(σ) = g(σ)D(σ)g^{−1} (0) , D(σ) = exp(id(σ)σ_3) , (7.13)

where g(σ) is a periodic unitary gauge transformation.^{10} Thus, the trace of the monodromy satisfies Tr T(2π) = 2 cos d(2π) which implies that the quasi-momentum p(ℓ) = d(2π) is

p(ℓ) = 1 2 arccos Tr T(2π) =

�_{2π} 0 dσ∂_σ d(σ) . (7.14)

10The procedure we use here is equivalent to diagonalizing the Lax connection around one of its poles by an appropriate regular unitary gauge transformation.

– 16 –

Here the last formula is a consequence of d(0) = 0. Introducing the parametrization g = 1 √ 1 + ρρ̄ � 1 ρ −ρ̄ 1 � , L_σ = � iu v −v̄ −iu � (7.15)

one finds that the differential equation for T(σ) boils down to the following system

∂_σ ρ = v + 2iuρ +v̄ρ^2 , (7.16)

∂_σ d = u + 1 2i (ρv̄ − vρ̄) . (7.17)

In particular, the first equation is of the (scalar!) Riccati type. Then the generating function for the string integrals of motion is given by

p(ℓ) =

�_{2π} 0 dσ � u + 1 2i (ρv̄ − vρ̄) � . (7.18)

To solve equation (7.16) we assume the expansion

ρ = ρ_0 + (1 − ℓ)ρ_1 + · · · (7.19)

around the pole of L at ℓ = 1. In particular, the solution for ρ_0 is

ρ_0 = −i w_2 + E + (w_1 − w_2) sn^2(aσ, t) a dn^2(aσ, t) − i(w_1 − w_2) sn(aσ, t) cn(aσ, t)

. (7.20)

Around ℓ = 1 the quasi-momentum is expanded as

p(ℓ) π = 1 ℓ − 1 p_{−1} + p_0 + (ℓ − 1)p_1 + · · · . (7.21)

Performing rather involved integrations we have found a few leading charges. They are

p_{−1} = E ,

p_0 = 1 2 E + 1 E (E − w_1)(E − w_2) −

2(E − w_1)

K(t) Π � w_2 − w_1 w_2 − E , t � , p_1 = − 1 4 E + 4 π^2E

K(t)E(t) +

8(t − 1) π^4E^3

K(t)^4 ,

p_2 = 1 8 E − 2 π^2E

K(t)E(t) −

4(t − 1) π^4E^3

K(t)^4 − − w_1w_2 E^2 � 2 π^2E

K(t)E(t) +

8(t − 1) π^4E^3

K(t)^4 � . (7.22)

Here the frequencies w_{1,2} are expressed via the space-time energy of the string

w_1 = 1 π � π^2E^2 + 4(t − 1)K(t)^2 , w_2 = 1 π � π^2E^2 − 4K(t)^2 (7.23)

and Π stands for the standard elliptic integral of the third kind.

Some comments are in order. The charge p_{−1} is independent of w_2 and therefore it is the same for both monodromies T_± . This means that the quasi-momenta exhibit a

– 17 – degenerate behavior at leading order in the 1/(ℓ − 1) expansion [18]. Furthermore we note that the charge p_0 is rather distinguished from the rest as it is the only one which contains the elliptic integral of the third kind. Most importantly, this charge is not invariant under w_2 → −w_2. Therefore, the degeneracy of the quasi-momenta observed at leading order gets removed. This is an important fact because it allows one to treat the quasi-momenta p_k(ℓ) with the corresponding pole part subtracted as analytic functions associated to different sheets of a unique Riemann surface [7]. To observe the splitting of the eigenvalues of the monodromy, unitarity of the gauge transformation diagonalizing the L -operator around its pole is essential.

Finally, we compute i � p(ℓ) π − p(ℓ̄) π � = √ 2 √ 1 − x p_{−1} + 1 2 √ 2 (−p_{−1} − 8p_1) √ 1 − x + · · · .

Note that the charge p_0 does not appear in this expansion. Since p_{−1} and p_1 are independent of w_2 the contribution of the quasi-momenta associated to T_+ will be the same at this order. Therefore, i π � p_1(ℓ) + p_2(ℓ) − p_1(ℓ̄) − p_2(ℓ̄) � = 2 √ 2 √ 1 − x p_{−1} + 1 √ 2 (−p_{−1} − 8p_1) √ 1 − x + · · · . (7.24)

Now substituting here the expressions (7.22) for the p^′s we observe that equation (7.24) perfectly reproduces the first two terms in the expansion (7.5)! This provides another non-trivial check of our basic formula (6.14).

Acknowledgments

We would like to thank Fernando Alday, Sergey Frolov, Andrei Mikhailov, Matthias Staudacher and Arkady Tseytlin for interesting discussions. The work of G.A. was supported in part by the European Commission RTN programme HPRN-CT-2000-00131 and by RFBI grant N02-01-00695.

A. Perturbative solution of the Bäcklund equations

Here we discuss the perturbative solutions of the Bäcklund equations which allow one to determine the local conservation laws of the model. Our treatment can be viewed as the matrix generalization of the vector approach of [23]. We also assume λ = ±1 so that the Bäcklund solutions satisfy the Virasoro constraints.

To start, we write the matrix U in the form U = x λ I + P , (A.1)

where P is anti-hermitian, P^† + P = 0, and obeys the condition

P^†P = I − � x λ �_2

= −P^2 . (A.2)

– 18 –

Thus, the matrix P has degenerate eigenvalues which are ±i � 1 −^{x2}_{λ 2} . In terms of P the Riccati equation acquires the form

κP_α = 2x λ (x^2 − λ^2)A_α + (1 + λ^2 − 2x^2)[A_α , P] − 2xλPA_α P +

+ϵ_α^β � 1 λ (x^2 − λ^2)(1 + λ^2)A_β + x(1 − λ^2)[A_β , P] − λ(1 + λ^2)PA_β P � . Equivalently this can be cast into the form

P_α = 1 1 + λ^2 � L_α − xϵ_α^β L_β − 1 2 λϵ_α^β [P, L_β ], P � , (A.3)

where we made use of equation (A.2). One can easily check that this equation is compatible with the symmetry properties of P. In fact, it can be viewed as the matrix differential equation for an element P = q̃^iq^jΓ_{ij} of su(4).

From equation (A.1) we see that for λ = 1 the matrix U → I when x → 1 while for λ = −1 we will have the same asymptotic behavior provided x → −1. This shows that for λ = 1 the Riccati equation will have a well-defined perturbative expansion around x = 1 and for λ = −1 the expansion must be concentrated around x = −1.

Let us define ζ = ± √ 1 − x^2 where “ + ” is for λ = 1 and “ − ” is for λ = −1. It is convenient to introduce a rescaled matrix P: P = P ζ = ∞� n=0 ζ^nP_n (A.4)

obeying the condition P^†P = I. For λ = ±1 the Riccati equation boils down to

ζ(−2P_α + [A_α , P]) = ± � 1 − ζ^2A_α + ϵ_α^β A_β + P � ± � 1 − ζ^2A_α + ϵ_α^β A_β � P . (A.5)

Now one can realize that upon substituting here the expansion (A.4) we will get recurrent relations which would allow us to solve for P_n in terms of lower coefficients P_k, k < n. Most importantly, we see that in the perturbative treatment the original differential problem was replaced by an algebraic one. Thus, finding solutions does not involve integration and, as a consequence, the solution appears to be a local function of the fields and their derivatives.

As an example, let us find explicitly the leading term P_0. We get

[A_α ± ϵ_α^β A_β , P_0] = 0 , (A.6)

together with the condition P^2_0 = −I (A.7)

that follows from the linearized expression (A.2). Recall that the reference gauge connection A_α equals A_α = g_α g^{−1} = q^i_α q^j Γ_{ij} . (A.8)

– 19 –

One can show that equations (A.6), (A.7) have the following solutions

P_0 = 2 ‖q^±_α ‖

(q^i_α ± ϵ_α^β q^i_β )q^jΓ_{ij} or P_0 = − 2 ‖q^±_α ‖

(q^i_α ± ϵ_α^β q^i_β )q^j Γ_{ij} , (A.9)

where there is no summation over the index α. Here we use the notation

q^±_α = � δ_α^β ± ϵ_α^β � q_β , ‖q^±_α ‖^2 ≡ q^±_α · q^±_α . (A.10)

Since

q_{±σ} = ±

1 ± γ_{τ σ}

γ_{τ τ} q_{±τ} (A.11)

one finds that q^±_τ ‖q^±_τ ‖ = q^±_σ ‖q^±_σ ‖ = q^{±τ} ‖q^{±τ} ‖ = q^{±σ} ‖q^{±σ} ‖

. (A.12)

Now using the properties (A.12) we can see that (A.9) manifestly satisfies the relations (A.6) and (A.7).

B. Coset model

Introduce the following six unitary 4 × 4 matrices

Γ_1 = � � � � 0 1 0 0 −1 0 0 0 0 0 0 1 0 0 −1 0

� � � � , Γ_2 = � � � � 0 i 0 0 −i 0 0 0 0 0 0 −i 0 0 i 0

� � � � , Γ_3 = � � � � 0 0 −1 0 0 0 0 1 1 0 0 0 0 −1 0 0

� � � � ,

Γ_4 = � � � � 0 0 −i 0 0 0 0 −i i 0 0 0 0 i 0 0

� � � � , Γ_5 = � � � � 0 0 0 1 0 0 1 0 0 −1 0 0 −1 0 0 0

� � � � , Γ_6 = � � � � 0 0 0 −i 0 0 i 0 0 −i 0 0 i 0 0 0

� � � � .

These matrices satisfy the algebra

Γ_iΓ^†_j + Γ_j Γ^†_i = 2δ_{ij} .

An embedding g of a coset element describing the five-sphere into SU(4) is conveniently described as

g = q_iΓ_i , (B.1)

where the coordinates q_i satisfy the constraint q_iq_i = 1. Note that the six Γ-matrices above are antisymmetric. Therefore, the coset element is obtained by intersecting the unitarity condition g^†g = 1 with the requirement g^t = −g.

Let us define Γ_{ij} =^1_2 (Γ_iΓ^†_j − Γ_jΓ^†_i ). The matrices Γ_{ij} obey the following algebra

{Γ_{ij} , Γ_{kl}} = 2 � δ_{il}δ_{jk} − δ_{ik}δ_{jl} � , (B.2) [Γ_{ij} , Γ_{kl}] = 2 � δ_{jk}Γ_{il} + δ_{il}Γ_{jk} − δ_{ik}Γ_{jl} − δ_{jl}Γ_{ik} � , (B.3)

– 20 – i.e. Γ_{ij} generate the su(4) algebra. Another way to represent the su(4) generators is to use Γ̄_{ij} =^1_2 (Γ^†_i Γ_j − Γ^†_jΓ_i). One can easily see that Γ̄_{ij} = (Γ_{ij} )∗ corresponds to the anti-chiral representation of su(4).

The element U is then U = 1 2 q̃_iq_j � Γ_iΓ^†_j + Γ_jΓ^†_i � + 1 2 q̃_iq_j � Γ_iΓ^†_j − Γ_jΓ^†_i � = (q̃q)I + q̃_iq_jΓ_{ij} , (B.4)

where we have introduced Γ_{ij} =^1_2 (Γ_iΓ^†_j − Γ_jΓ^†_i ). If we define χ = λU, then equation (3.2) acquires the form

λU + λ̄U^† = 2xI . (B.5)

Upon substitution of the coset element U equation (B.5) reduces to

(λ + λ̄)(q̃q) = 2x λΓ_{ij} + λ̄Γ^†_{ij} = 0 , i ≠ j .

Since the matrices Γ_{ij} are anti-hermitian we have to require that λ = λ̄ and, therefore, for the scalar product (q̃q) we obtain (q̃q) =^x_λ .

For completeness we also provide a similar representation for su(2, 2) and describe the AdS sector of the model. Consider the following metric

η_{ij} = diag(1, 1, 1, 1, −1, −1)

and the matrix E:

E = diag(1, 1, −1, −1) . (B.6)

Once again we introduce the six 4 × 4 matrices

Γ_1 = � � � � � 0 0 −i 0 0 0 0 i i 0 0 0 0 −i 0 0

� � � � � , Γ_2 = � � � � � 0 0 1 0 0 0 0 1 −1 0 0 0 0 −1 0 0

� � � � � , Γ_3 = � � � � � 0 0 0 i 0 0 i 0 0 −i 0 0 −i 0 0 0

� � � � � ,

Γ_4 = � � � � � 0 0 0 1 0 0 −1 0 0 1 0 0 −1 0 0 0

� � � � � , Γ_5 = � � � � � 0 1 0 0 −1 0 0 0 0 0 0 1 0 0 −1 0

� � � � � , Γ_6 = � � � � � 0 i 0 0 −i 0 0 0 0 0 0 i 0 0 −i 0

� � � � � .

These matrices obey the following algebra

Γ^iEΓ^{j†} + Γ^j EΓ^{i†} = −2η^{ij} E . (B.7)

If we introduce g = p^iΓ^i we then see that this element satisfies

g^†Eg = E , (B.8)

– 21 – provided p^i obey η_{ij} p^ip^j = −1. Equation (B.8) defines the group SU(2,2). We further introduce Γ_{ij} = 1 2 (Γ_iEΓ^†_jE − Γ_jEΓ^†_i E) , Γ^†_{ij} = −EΓ_{ij}E . (B.9) These matrices obey the commutation relations of the su(2, 2) algebra [Γ_{ij}, Γ_{kl}] = 2(η_{ik}Γ_{jl} − η_{jk}Γ_{jl} + η_{jl}Γ_{ik} − η_{il}Γ_{jk}) (B.10) and also {Γ_{ij} , Γ_{kl}} = 2(η_{il}η_{jk} − η_{ik}η_{jl}) . (B.11) The AdS element U = g̃g^{−1} is then represented as U = −(p̃p) + p̃^ip^jΓ_{ij} , (B.12) where (p̃p) = η_{ij}p^ip^j . It is easy to see that the AdS analogue of equation (B.5) is λEU + λ̄U^†E = 2xE . (B.13) This equation is compatible with the coset element (B.12) provided λ is real and (p̃p) = −^x_λ . Further we note that equation (B.13) can be rewritten as U + U^{−1} = 2 x λ I . (B.14)

Thus, being written in terms of U and U^{−1} equations (3.4) and (B.14) look the same and, therefore, lead to the same form of the Riccati equation (3.10). References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113 [hep-th/9711200]. [2] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep-th/0202021].

[3] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/string correspondence, Nucl. Phys. B 636 (2002) 99 [hep-th/0204051].

[4] S. Frolov and A.A. Tseytlin, Semiclassical quantization of rotating superstring in AdS_5 × S^5, JHEP 06 (2002) 007 [hep-th/0204226]; Multi-spin string solutions in AdS_5 × S^5, Nucl. Phys. B 668 (2003) 77 [hep-th/0304255]; Quantizing three-spin string solution in AdS_5 × S^5, JHEP 07 (2003) 016 [hep-th/0306130]; Rotating string solutions: adS/CFT duality in non-supersymmetric sectors, Phys. Lett. B 570 (2003) 96 [hep-th/0306143].

[5] G. Arutyunov, S. Frolov, J. Russo and A.A. Tseytlin, Spinning strings in AdS_5 × S^5 and integrable systems, Nucl. Phys. B 671 (2003) 3 [hep-th/0307191].

[6] G. Arutyunov, J. Russo and A.A. Tseytlin, Spinning strings in AdS_5 × S^5: new integrable system relations, Phys. Rev. D 69 (2004) 086009 [hep-th/0311004].

– 22 –

[7] V.A. Kazakov, A. Marshakov, J.A. Minahan and K. Zarembo, Classical/quantum integrability in AdS/CFT, JHEP 05 (2004) 024 [hep-th/0402207];

V.A. Kazakov and K. Zarembo, Classical/quantum integrability in non-compact sector of AdS/CFT, JHEP 10 (2004) 060 [hep-th/0410105];

N. Beisert, V.A. Kazakov and K. Sakai, Algebraic curve for the SO(6) sector of AdS/CFT,

hep-th/0410253;

S. Schafer-Nameki, The algebraic curve of 1-loop planar N = 4 SYM, Nucl. Phys. B 714 (2005) 3 [hep-th/0412254].

[8] J.A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills, JHEP 03 (2003) 013 [hep-th/0212208];

N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. Phys. B 670 (2003) 439 [hep-th/0307042].

[9] N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 664 (2003) 131 [hep-th/0303060]; N. Beisert, Higher loops, integrability and the near BMN limit, JHEP 09 (2003) 062 [hep-th/0308074];

N. Beisert, The SU(2|3) dynamic spin chain, Nucl. Phys. B 682 (2004) 487 [hep-th/0310252].

[10] L.N. Lipatov, High-energy asymptotics of multicolor QCD and exactly solvable lattice models,

hep-th/9311037;

L.D. Faddeev and G.P. Korchemsky, High-energy QCD as a completely integrable model, Phys. Lett. B 342 (1995) 311 [hep-th/9404173];

V.M. Braun, S.E. Derkachov and A.N. Manashov, Integrability of three-particle evolution equations in QCD, Phys. Rev. Lett. 81 (1998) 2020 [hep-ph/9805225]; A.V. Belitsky, Renormalization of twist-three operators and integrable lattice models, Nucl. Phys. B 574 (2000) 407 [hep-ph/9907420].

[11] K. Peeters, J. Plefka and M. Zamaklar, Splitting spinning strings in AdS/CFT, JHEP 11 (2004) 054 [hep-th/0410275].

[12] D. Serban and M. Staudacher, Planar N = 4 gauge theory and the Inozemtsev long range spin chain, JHEP 06 (2004) 001 [hep-th/0401057].

[13] C.G. Callan Jr. et al., Quantizing string theory in AdS_5 × S^5: beyond the pp-wave, Nucl.

Phys. B 673 (2003) 3 [hep-th/0307032];

C.G. Callan Jr., T. McLoughlin and I. Swanson, Holography beyond the Penrose limit, Nucl. Phys. B 694 (2004) 115 [hep-th/0404007];

C.G. Callan Jr., T. McLoughlin and I. Swanson, Higher impurity AdS/CFT correspondence in the near-bmn limit, Nucl. Phys. B 700 (2004) 271 [hep-th/0405153]; I. Swanson, Quantum string integrability and AdS/CFT, Nucl. Phys. B 709 (2005) 443 [hep-th/0410282].

[14] J.A. Minahan, The SU(2) sector in AdS/CFT, hep-th/0503143.

[15] N. Beisert, V. Dippel and M. Staudacher, A novel long range spin chain and planar N = 4 super Yang-Mills, JHEP 07 (2004) 075 [hep-th/0405001].

[16] G. Arutyunov, S. Frolov and M. Staudacher, Bethe ansatz for quantum strings, JHEP 10 (2004) 016 [hep-th/0406256].

[17] M. Staudacher, The factorized s-matrix of CFT/AdS, JHEP 05 (2005) 054 [hep-th/0412188].

– 23 –

[18] G. Arutyunov and S. Frolov, Integrable hamiltonian for classical strings on AdS_5 × S^5, JHEP 02 (2005) 059 [hep-th/0411089].

[19] R.R. Metsaev and A.A. Tseytlin, Superstring action in AdS_5 × S^5: kappa-symmetry light cone gauge, Phys. Rev. D 63 (2001) 046002 [hep-th/0007036].

[20] I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS_5 × S^5 superstring, Phys.

Rev. D 69 (2004) 046002 [hep-th/0305116];

M. Hatsuda and K. Yoshida, Classical integrability and super yangian of superstring on AdS_5 × S^5, hep-th/0407044;

L.F. Alday, Non-local charges on AdS_5 × S^5 and pp-waves, JHEP 12 (2003) 033 [hep-th/0310146];

L. Dolan, C.R. Nappi and E. Witten, A relation between approaches to integrability in superconformal Yang-Mills theory, JHEP 10 (2003) 017 [hep-th/0308089]; A. Agarwal and S.G. Rajeev, Yangian symmetries of matrix models and spin chains: the dilatation operator of N = 4 SYM, hep-th/0409180;

A. Das, J. Maharana, A. Melikyan and M. Sato, The algebra of transition matrices for the AdS_5 × S^5 superstring, JHEP 12 (2004) 055 [hep-th/0411200].

[21] A.M. Polyakov, Hidden symmetry of the two-dimensional chiral fields, Phys. Lett. B 72 (1977) 224;

J.M. Evans, M. Hassan, N.J. MacKay and A.J. Mountain, Local conserved charges in principal chiral models, Nucl. Phys. B 561 (1999) 385 [hep-th/9902008].

[22] K. Pohlmeyer, Integrable hamiltonian systems and interactions through quadratic constraints, Commun. Math. Phys. 46 (1976) 207.

[23] A.T. Ogielski, M.K. Prasad, A. Sinha and L.-L.C. Wang, Bäcklund transformations and local conservation laws for principal chiral fields, Phys. Lett. B 91 (1980) 387; I.V. Cherednik, Local conservation laws of principal chiral fields (D = 1), Theor. Math. Phys. 38 (1979) 120 [Teor. Mat. Fiz. 38 (1979) 179].

[24] V.E. Zakharov and A.V. Mikhailov, Relativistically invariant two-dimensional models in field theory integrable by the inverse problem technique. (In russian), Sov. Phys. JETP 47 (1978) 1017 [Zh. Eksp. Teor. Fiz. 74 (1978) 1953].

[25] L.D. Faddeev and L.A. Takhtajan, Hamiltonian methods in the theory of solitons, Springer, 1987;

L.D. Faddeev, Integrable models in (1 + 1)-dimensional quantum field theory, in Recent advances in field theory and statistical mechanics, proceedings of the Les Houches Summer School 1982, North-Holland, Amsterdam 1984, pp. 561–608.

[26] G. Arutyunov and M. Staudacher, Matching higher conserved charges for strings and spins, JHEP 03 (2004) 004 [hep-th/0310182]; Two-loop commuting charges and the string/gauge duality, hep-th/0403077.

[27] J. Engquist, Higher conserved charges and integrability for spinning strings in AdS_5 × S^5, JHEP 04 (2004) 002 [hep-th/0402092].

[28] A. Mikhailov, Notes on fast moving strings, hep-th/0409040; Anomalous dimension and local charges, hep-th/0411178; Plane wave limit of local conserved charges, hep-th/0502097.

[29] N. Beisert, V.A. Kazakov, K. Sakai and K. Zarembo, The algebraic curve of classical superstrings on AdS_5 × S^5, hep-th/0502226.

– 24 –

[30] L.F. Alday, G. Arutyunov and A.A. Tseytlin, On integrability of classical superstrings in AdS_5 × S^5, hep-th/0502240.

[31] J.P. Harnad, Y. Saint Aubin and S. Shnider, Superposition of solutions to Bäcklund transformations for the SU(N) principal sigma model, J. Math. Phys. 25 (1984) 368; Y. Saint Aubin, Bäcklund transformations and soliton type solutions for sigma models with values in real grassmannian spaces, Lett. Math. Phys. 6 (1982) 441.

[32] O. Babelon and D. Bernard, Affine solitons: a relation between τ functions, dressing and Bäcklund transformations, Int. J. Mod. Phys. A 8 (1993) 507 [hep-th/9206002].

– 25 –